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including a detailed energy sector. 'lbe general aim or the model is 

to provide inton~~&tion on tihat the coontey would achieve over the lOQif 

run in physical tenas in the race or a cha~i~ energy picture. 

'lhe IIW)del is expected to (1) incorporate most recent available 

data or surticientlJ good quality (albeit in an aggregated form) that it 

can be used to generate B<DI! meani~tnl scenarios showing how the 

econ~ might be affected if the energy picture evolves in a specified 

way, am (U) provide us at the Syste• Optimization Laboratory a 

prototype tor research in solving large-scale linear progr&~~~~~ing models 

ot energy 918teJM. 
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ON A PILOO' LINFAR PROOFAMMI~ ~·10DEL FOH ASSESSIOO PHYSICAL IMPACT 

ON THE ECONOMY OF A CHANGING ENEOOY PICTURE 

~ Xt 
by George B. Dantz1g and S. C. Parikh 

1. Introduction. 'Ibis pnpe1· r eports on some of t he ngoing wo!"k on 

models of energy sys ·~ems at t he lnsti tute f or Energy Studie" a nd the Systems 

Optimization Laboratory o ~ the Stanford University. It deals with a dynamic., 

linear programming model on a pilot scale that attempts to describe in physi­

cal terb~~ many of the technolo~1cal interactions within and across the sectors 

of the American Economy, inc luding a detailed energy sect0r. •u,~ general aim 

of the model is to provide i nfor.nation on what the country could achieve over 

the long tenn (say 30 years) in physical terms in the face of changing energy 

picture. 

Mathematical programming models that link activities of the economic sec­

tors with those of a detailed ene rgy sector and deseribe in ~ ~ctions over 

ti~e can provide comprehensive and effective m ans for evaluating the nature 

and extent of the impact on the economy in general and the living standards 

in particular, of the r ali zation~ of various scenarios concerning the avail­

abill ty and the mix of raw r erg' and the type of conversion technology util­

ized. Howe· er, simple , rough calculation below shows that any such model can 

become quite large and perhaps unmanageable if sufficient care is not exer­

cised in its development. 

The input-output 1ruatrix provides a convenient vehicle for incorporating 

into a rr.athematicul progrnr.~r:~ ir 5 model t he technological and many of the eco­

nor:ri.c inte ractions o·f' t he cc nomy. Despite its short comings, such as constant 

returns to sc le1 fixed t•.:chnology and time delays involved in iata collection 

and publication ., it i s at tractiv because it provideG an internally consistent 

end a single most compreh 1 .... i ve da ta source . In its standard published fern .. 

it is available as an 8'(-se t or mc..trix.1 Next, the energy sector may be modeled 

*Department of Operations Research, Stanford University. Stanford, Califorlli&. 

tUniversity of Santa Clara, 3anta Clara, California. 

1A much more detailed 367-sector matrix is also av&ilable from the Department 
of Commerce. 
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bT approxt.ateq 150 equations per period including the capaci tT constraints 

on actinty levels of the enersY processes and interperiod capacitT carryover 

coutnints. See [ 12] , tor eDilple. An order ot J1188111 tude for the n\.lllber ot 

constraints per period in an integrated 110dcl wl th a reasonable leYel ot de­

tail 1a therefore coaputed to be 400: 87 tor industrial activity, 2 x 87 tor 

constraints ot capacities on levels ot industrial activity and tor capacity 

carr,over from one period to the next, and about 150 for the detailed ~nerg' 

sector. A 2o-25 period model (e.g. a 25-year annual 110del, or a 75-year tri­

amaual aoclel, etc.) would therefore have approxillately Booo-10,000 constraints 
• 

and IIUCh 110re it llOre detailed input-output •trix and energy sectors are •-

ploJed. lllile linear prog1"8DDIling models of' this magnitude are certainlT not 

considered to be imposs:J.ble to solve, theT would be among the l.argest models 

built to date. More importantq, preparation, testing/validation, and pro­

duction nms tor such a model would 110~t likely cons\IDe both substantial S\DB 

ot JDODey and substantial amounts ot tille. 

1be aim of. this exercise is not to suggest that one build suc:h larae 

moclela but rather to draw attention to the potential model size resulting 

troa indiscriminate modeling and the difficulties that may arise. 

It is therefore absoluteq essential that a critical and scientific 

assessment be IIIBde ot the exact nature of the formulation, scope and lilllita­

tions ot such a class of' models. In particular, it is important to obtaln 

answers to questions along the following lines: 

Formulation--In specific terms, wbat aspects should be modeled (endo­
genous), and what aspects should be as stilled (exogenous) and what information 
should flow between periods ·. What linkages between the energy sector and the 
econaay should be formulated and howt 

Availability of data--What are the data requirements of the modeU Are 
such data available! If not, is it possible to obtain satisfactory quick-and­
dirtT estimates to satisf y the immediate needs? And, what types of studies 
are needed to develop bette r quality data ovel' a longer tenDf · 

Intomntion from the model--What type ot meaningful inf'ormation can the 
llOdel provide! What are the different objective functions that can be evalu­
ated! At what level of detail should the model be formulated to provide the 
information desired! 

Computation ot solutions--can the model be (efficiently) solved on the 
computer! What would the computational costs bet What refinements or special 
purpose algorithms E:Xist (that perhaps require further research and) that can 
substantially reduce the computational costsf 

!bese an~ other simi~~r considerations point towards a need tor develop-

ing and experimenting vith c. mu~h &maller model tho.t incorporates many, it 
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not all, of the essential features of it;. lnrecr counterp::u·' . Our pilot model 

is an attempt to satisfy ~ueh a need. We believe that it ~rill smn.'l enough 

so that when implemented on the omputer, it wlll h~:1ve th nr.i li ty for exten­

sive experimentation. On the other hand, ;~e al~o exp ·ct tho.t it will incor­

porate most r ecent available data of sufficiently g od quality (albeit in nn 

aggregated fonn) that it can also be used to generate some r:1 "'aningful scenarios 

showing how the economy n.i...,ht be affected if the energy picture evolves in a 

specified way. 

In vhat follows, we first describe the mod"l i n som~ detail. Next, we 

give a brief and general math atical statement of the model. Finally, we 

briefly review the current status of the model, its mathematical structure, 

and possible solutio~ approaches. 

2. Description of the model. In the model, a 23-sector input-output 

matrix represents various industrial processes of the economy (Exhibit 1). 
The net output from the industry, together with net imports, meets the national 

bill of goods for consumption, capital formation and government services. '!he 

energy demands of the economy are met by the activities of the energy sector. 

The nature and extent of the capacity expansion in bo'th the energy sector and 

the rest of the economy are endogenously determined. Finally~ the exogenously 

given workforce provides the manpower necessary to zustain industrial produc­

tion, energy processing and capacity expansion. 

IPIIl't· 1. A SCIIDilTIC IIPiliSEIII'ATIOII Of !II 

Ml• LIIUGU D I!! PILOJ !P1L 

J 

CAPACITIES 
C/f 

TO (t+1) 



!be detailed eaers:J sector in the model includes technoqleal deacr1p­

t10D ot U.e rnv •terial extractiOI'l aDd enercy conversion processea (Exhi'b1t8 

2 M4 3). Urani\8 llining, milling, conversion, enrichment and f,."brtcaticn, 

li&bt water reactor, tast breeder reactor, and spent fuel rt.flroces.or are 

...._ the nuclear t\lel based proceaaea in the IDOdel. 011 ar. i gas expl.oratlOD 

and produetton, oil retinins, pti ti'IU18IIIiaaiOD, coal m1Dlm·, rower pneratlOD 

uatac coal, oil aa4 _.., and coal p.sttication and llqueti\ction are IUIODS the 

toaall tuel based processes ln the IIIOdel. !be operatinc levels ot the pro­

ceuins UDlta are liaited in one way or the other by the available ca~&eitiea 

and provell reserwea in any period. 'lhe proven resenes -.y be aupented b7 
tile apl.orat.lon activity. And, rav •terlal imports/exports make up the cUt­

tereace between tbe daaestic produetiOD and \l6qe • 

Allons the llnkaaes that interconnect the eners;y aector and the rest ot 
tbe econa..;y are (Bihi bit l) : energy deamds of the econoay 1 total •npower 

available to all sectors (including energy) of the econc.y, favorable balanc:e­

ot-pa,aenta requil'elllent, and bill-ot-gooda needed for energy procea&1D8 and 

capac1 ty expansion. 

In order to llitigate man;y of the distortions caused by price cbangea and 

iDt'lation, the industrial process of the llbtional Econa.y and the detailed 

energ sector will be repre~ented in terms ot phyaical flows. For the energ 

aector this is relatively easy to do because ita activity can be treated in 

BTU te!'IU. For the non-energy sector howeYer, it is more difficult because 

( i) .oat industries produce a heteroaeneous product thereby creattna a need 

tor developing a vei&hted index of the component Jilysical outputs, an~ (ii) 

the input-output transactions are canpiled in dollar tel'IDS, and money q\Biltl­

tiea depend on prices as vo:ll as physical flows. ltlreover, the coaponent 

prices unr~rtunately vary relative to one another over time, and ao do the 

relative -anttudea of' the component outputs. U tbeae relative price and 
2 

output variations .ong the cOIIlponenta &.re asa\lled to be absent, tben a 

weilbted index can be ~onveniently obtained b.J definina a composite product 

tor the heterogeneous industl")' W:ling base year prices as weigbta tor be.ae­

;year outputs. 1be dollar transaction• are thence reinterpreted aa physical 

units of the compoait product. 

20lleas specific allowance is made, th1i5 a&S\8ption would be 1mplc1t in ~ 
temporal input-output lllUdc.l. 



Whereas the input-output matrix repreueuts the operating coefficients of 

the industrial processes of the economy,   the capital coefficient matrix repre- 

sents the amounts of the industrial products needed for a unit of  (output) 

capacity expansion in any industrial  (or energy) sector.    Because a portion of 

the available capacity is  retired at the end of each period,   soue capacity 

addition would be required in any scenario just to sustain the capacity of a 

process at a fixed level.     This feature of the model also makes possible the 

process substitution.    Thus,  in the detailed energy sector where we expect to 

incorporate data of the new energy conversion technologies such as coal gasi- 

fication and liquefaction,  fuel  cells,   fast breeder reactors,  et;.,  it will 

be possible to exauine scenarios in which the distribution of capacities 

across the energy conversion processes evolves over time to reflect the Impact 

of a particular set. cf assumptions specific to a scenario.    On the other hand, 

in order to avoid the effort and difficulties involved in compiling reliable 

data of a similar nature for each of the other sectors of the economy,  these 

will be initially represented by a nonvarying input-   itput matrix without 

substitution. 

One of the primary linkages between the economy and the detailed energy 

sector is that of the energy sector meeting the demands of the economy.    These 

energy demands are made up of the following four components:    energy required 

for industrial processiiig,   energy for personal (family) consumption,  net ex- 

ports of processed energy,  and energy rcqui. ?d to provide government services. 

In the model,   these demands are transmitted to the energy sector in terras of 

the following four final energy forms:      oil products,   gas products,.coal and 

electricity.    Moreover,   this same  set of demand variables is employed to com- 

pute the amounts of industrial goods and services required for energy extrac- 

tion and processing.      The latter  liitkage also requires a modification of the 

input-output matrix. 

The activities of the detailed energy sector are represented in two groups: 

nuclear ard non-nuclear.    The non-nuclear group contains for the most part the 

5 
^An alternative level of information detail would consist of eight final energy 
forms using the data developed by Knecht and Bullard  [1975] .    We may experi- 
ment with this form of the linkage at a later date. 

Using data similar to those developed by Just et al. [1975] > it is possible 
to incorporate a full blown operating coefficient matrix to more accurately 
provide  this linkage. 

- - -   - ■ _^_„^__^_^__^^_^^__^.._..   . .  .    . —._^_„___^__^. 
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fossil fuel based activities.     It also includes the fuel free activities such 

as hydroelectric,geothermai,  etc. 

Exhibit 2 scnematically shows the electric power generation related ac- 

;   . tivlties of the nuclear fuel cycle in the model.    Natural or recycle uranium 

goes through chemical conversion and physical separation and enrichment before 

it is fabricated into the fuel elements for the licht water reactor (LWR). Fuel 

elements could also be fabricated from recycle   iluLoaium and uranium.    The 

spent fuel may be reprocessed to recover the p]   "oniun and uranium.     The liquid 

metal fast breeder reactor (LMFBR) operation is similarly defined in the model. 

Exhibit 5 shows the activities of the fossil fuel based energy processes 

in the model.    Exploration for either oil or gas results in additions to the 

reserves of these raw energy forms.     Oil and ga^ production,  and coal mining 

activities provide the raw fossil fuels which are next processed into final 

energy forms.    For oil,  this involves a refining activity that produces some 

oil products  (gasoline, heating oil,   etc.) for satisfying final demands, and 

other oil products (residual fuel oil)  for use in electric power generation. 

Due to nature of the linkage by which the energy sector meets the energy de- 

mands of the economy,  the detailed yield structure of the refinery operations 

is not represented here.     Natural gas is transmittec1. either to meet the final 

demands or for power generation.    For coal,  throe alternative uses are defined 

in the model:    to meet coal demands of the economy, for power generation, and 

for synthetic oil and gas. 

One of the most important linkageG  in the model requires that all capac- 

ity building be constrained by the capacity of the economy to build capacity, 

either for capacity expansion or for replacement of the retired equipment. 

This set of constraints imparts a tendency in the model for a gradual evolu- 

tion over time of the distribution of the capacities across the exploration, 

production,   and conversion processes of the energy sector.    Because,   if too 

drastic a change in the capacity distribution were to occur,  it would most 

likely drain an unusual amount of the economy's capability to build capacity 

and leave an insufficient ability to build capacity of the other Industrial 

processes.     On the other hand,  the economy could expand at an unusually rapid 

pace its capacity expansion industries  (construction,   industrial machinery, 

etc.) in order to meet the need to speed up the changes in capacity distribution, 

■f- ■  ■ ■   ■ 
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but only at the expense of reduced ability to produce consumer goods thereby 

perhaps reducing the standard of living in the short run. 

This descriptive model could be used in conjonction with a linear or a 

nonlinear objective. -i..o objective could be a utility function measuring the 

standard of living achieved over time. It could also be to minimize dependence 

on foreign ore, or to maximize energy output, or to raaximinze employment. Our 

intent is to develop on a pilot scale a reasonably accurate general descrip- 

tion of the American Economy and a more detailed description of the energy 

sector in order to facilitate studies of the physical potential of the 

economy unrfer (i) alternative objectives,  (ii) changing availability of 

various forms of energy, (iii) changing desirability and economic feasibility 

of energy conversion technologies, etc. 

The oil embargo of 1975"7^ revealed a tip r? the iceberg dealing with 

the reality that th«. changes in the energy pictjre not only can affect the 

short term stanoard of living by way of (mile) long waiting lines at the gas 

stations, but also may affect the long run standard of living through drasti- 

cally increased prices. Such higher prices may reflect not only the political 

realities of the world's raw energy markets but also much increased physical 

effort on the part of the American Economy to provide from the domestic 

sources the energy needed to operate the economic machinery. 

How will the standard of living be affected over time? Our first stab 

at incorporating the standard of living in the model is as follows. We define 

consumption profiles of fcaailies in various income levels.  It is known, for 

example, that a family with low income spends less dollars on food but more 

of its dollar expenditure is spent on food relative to a family in a high in- 

come level. Whereas, a family with high income not only spends more on hous- 

ing but also a large fraction of its dollar on housing. We expect to define 

about 5 to 7 such profiles. One possible objective function is that of maxi- 

mizing the "gross national consumption" or equivalently "average per capita 

national consumption." 

Die purpose of having an objective function is to project a path for the 

economy that pushes against its capacities, i.e., not to projeoo a depression 

economy. In examining the question of the objective, however, one is immedi- 

ately faced with the prospect of finding a generally acceptable utility (or 

welfare) function for the entire country--a not too promising task, to say 

^MHM 



the least.    A much more plausible approach is to incorporate  some information 

on national velfare in the objective function and some in the constraints. 

Bie maximization of gross national consumption as defined by the income level 

profiles is one possibility.    In any case,  one thing seems certain.    It will 

require a great deal of experimentation before a satisfactory objective func- 

tion approach is realized. 

5.    General mathematical statement of the model.    In the model,  there 

are interperiod and intra period constraints (Exhibit k).    They are briefly 

outlined below.    A somewhat more detailed description can be found in  [5]. 

The interperiod constraints connecting periods    t    and    (t+l)    appear 

below the lower dashed line in Exhibit k.    These are capacity balance con- 

straints, manpower skill adjustment limit constraints and those related to 

raw energy reserves, cumulative exploration and production, and intemediate 

ener<?y stocks.    The capacity balance  (or capacity c/f) constraints specify 

that J.he available capacity in period (t+l) of any activity equals its capacity 

in period    t,   less retirements plus capacity built.    Next,  the manpower is 

assumed to be made up of several skill groups,  e.g.,   unskilled,   skilled, 

engineers,  managers,   etc.    The manpower skill adjustment limit constraints 

(manpower c/f)  specify the educational and training limitations.     This set of 

constraints,   together with the intraperiod constraint that the sum over all 

skill groups cannot exceed available workforce,  provides for changes in the 

size of skill groups to satisfy the manpower  needs. 

The following 3 sets of interperiod constraints are intended to keep 

track in detail of the energy reserves,  cumulative exploration  (and produc- 

tion),  and stocks.    The reserves constraints specify that 

["Reserves in   j      ["Reserves in | 
[period (t+l)J  = [  period    t J 

Raw energy 
extracted 
in period t 

Additions to 
reserves ia 
period    t 

Cumulative exploration in say,  feet drilled (and production in say,  BTU's 

extracted) is determined as follows: 

Cumulative exploration 
at the beginning of 

period (t+l) 

Cumulative exploration 
at  the beginning of 

period t 

Exploration 
during 

period t 

■-   ■-- ■  MaMMUMMMMMHÜHM 
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The production of an energy form may be direct as in the case of oil, gas, 

uranium, etc., or a byproduct of some other acitivity, as in the case ot 
plutonium. Finally, the stock (inventory) balance constrd.ints: For ith 

energy form, 

[

Stocks at the] 
beginning of 
period (t+l) [

Stocks at the] [amount produced] [amount used] = beginning of + during - during 
period t period t period t 

• 
Whether a constraint from these 3 sets is included in the model for ~ 

particular energy fonn depends upon its need and/or valid! ty. For example, 

one may leave out the stock balance constraint for natural gas by arguina 

that gas could be extracted only if needed during the period. On the other 

hand, the exploration constraint for plutonium is invalid. The constraints 

from these sets in Exhibit 4 are for illustration only. 

The intraperiod constraints appear between the two horizontal dashed 

lines in Exhibit 4. The first set (involving matrix block D) provide for 

meeting the energy demands of the economy from the energy sector. 'lhe next 

two sets (involving matrix blocks Hl and H2 represent various energy process­

ing aspects. The environmental aspects of energy extraction and conversion 

could alsc be included here. The next two sets (involving matrix block H3, 
and variables x\ ~) specify t he operating capacity limitations of the 

energy and non-energy processes. The next set (involving ~ and ~) 

specify the manpower constraints that for each skill group, the manpower used 

cannot exceed that available. The next constraint states that manpower SliD 

across skills cannot exceed available workforce. The family sum equation is 

used in conjunction with the objective function described below. The balance 

of trade equation computes the trade balance in each period for the purpose 

of incorporating a favorable trade balance requirement. Such a requirement 

may be imposed individually in each period or collectively in several periods. 

Finally, the bill-of-goods balance equations specify that the industrial out­

put, together with imports (lMP) meets final demands consisting ot personal 

consumption (Fu), exports (EXP), capacity expansion (CPNEWNE + CPEWE)' and 

government expenditures (G). 

Now consider the fonn of the ~bjecti ve function in the model. ~ 

speaking, the object! ve of the model is to maximize the discounted vector 

11 



I-,«. I    l«J«l^».»,."IMI   JVH^ 

bill-of-goodü received pnr person sijnmed over time.    Suppose  that ir. the base 

year,  the physical bill-of-goods for people with consumption level    K   (income 
k T 

less taxes and savings in base year dollars) is:    b    = [b-n,'^' '   ""   '  b k^   ' 

k = 1,   ...   , K    and with    M,   < Mp < • • • ^ H^     Let    u     be  the unknown number 

of people in period    t    that receive    b   .    Uien,  u    +1^ +  •••  + u^. = P(t), 

the population at time    t.    The total bill-of-goods for period    t    is Fu , 
12 K ttt t, T 

where:    F =  [b  ,  b ,   .. .   ,  b  ], and    n    =  [u,,  u^,   . ..   ,  ILI]   .   Initially,   the 

overall objective will be  to maximize discounted gross national consumption 
T t t 

over time,  i.e.,  maximize    Z        X   GNC(t),  where    GNC(t)  = M u    +  ...  + VLu^, 

and    \ = weight in period    t    for discounting.     It should be noted here with 

caution that the treatment of the objective function may change, even dras- 

tically, as  experiments are performed on this model and numerical results 

become available.    For a discussion of the use of production functions,  demand 

functions and other forms of the objective,   see   [A]     Ka]. 

Finally,   unless specific allowance is made,  an optimal solution to the 

model may turn out to be such that all (or most) capacity is depleted by the 

end of the time horizon    T.    Such unrealistic end effects can be avoided in 

several ways.    One is to put a much higher weight    7^,   on GNC(T), the gross 

national consumption in the  last period.    Such a weight conceptually would 

reflect the present value of consumption beyond    T.    Another way is to specify 

the terminal capacities generated by an equilibrium model or a steady growth 

model.    For the energy sector,   this specification could be in gross BTU terms 

across several processes,  thereby allowing for changes in capacity distribution 

across processes. 

k.    Further remarks.      The model formulation and data source identifica- 

tion are almost complete.     Presently,   the data are being aggregated and a model 

is being prepared for computer solution.    We expect  the model to have about 

125 equations per period.    For a 30"ycar triannual model,   there will be about 

.12^0-1400 equations,   including the specification of initial capacities and end 

effects.    Initially,  the model will be solved using the straight simplex method 

of the MPS/370 system. 

In order to pave a way for economical solution of similar much larger 

problems having 8,000-10,000 rows  referred to earlier,  it is also expected 

that the PILOT model will provide us at the Systems Optimization Laboratory 

a prototype for research in solving large-scale  linear programming models of 

energy systems. 
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The PILOT model belcngs  tc a class of models having a staircase structure 

(Exhibit 5)   that often arises in dynamic linear programs.    For such time-phased 

problems,  the number of iterations to optimum may be as high as 10 times  the 

number of rows as opposed  to widely experienced 2 to ^ times the row count in 

unstructured problems  [Beale,   1971]. 

Several special purpose algorithms are available  that take advantage of 

the staircase structure for efficient solution.    Computational results on some 

of the methods show that this is a partly-proven and a very promising research 

area.    See,   for example,   Dantzlg [1963,   Ch.  23],  Glüssey  [1975], and Ho  [197^1, 

just to mention a few. 

PLRIOO I PERIOD 2 PERIOD T 

EXHIBIT   5.     THE   STAIRCASE   STRUCTURE    OF    PILOT 
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